arXiv:1507.06698v2 [math.FA] 27 Nov 2015 


NORMAL EXTENSIONS OE REPRESENTATIONS OE ABELIAN 

SEMIGROUPS 


BOYU LI 


Abstract. A commuting family of subnormal operators need not have a com¬ 
muting normal extension. We study when a representation on an abelian semi¬ 
group can be extended to a normal representation, and show that it suffices to 
extend the set of generators to commuting normals. We also extend a result 
due to Athavale to representations on abelian lattice ordered semigroups. 


1. Introduction 


An operator T G B{'H) is called subnormal if there exists a normal extension 
N G B(/C) where % Q 1C and N\'u = T. There are many equivalent conditions for 
an operator being subnormal, for example, Agler showed a contractive operator T 
is subnormal if and only if for any n > 0, 



t*it^ > 0 . 


One may refer to [21 Chapter II] for many other characterizations of subnormal 
operators. 

A commuting pair of subnormal operators Ti,T 2 G B{'H) might not have com¬ 
muting normal extensions dH], and a necessary and sufficient condition was given 
by Ito in |10j . Athavale obtained a necessary and sufficient condition for n commut¬ 
ing operators Ti, ■ • • , T„ G B{'H) to have commuting normal extensions in terms of 
operator polynomials [HIS]- 

This paper consider the question as to when a contractive representation of a 
unital abelian semigroup can be extended to a contractive normal representation. 
Athavale’s result can be applied to the set of generators, and obtain a map that 
sends the semigroup into a family of commuting normal operators. Our first result 
shows that such normal map guarantees the existence of a normal representation. 

It is also observed that Athavale’s result is equivalent to a certain representation 
being regular, and we further extend Athavale’s result to abelian lattice ordered 
semigroups. 


2. Commuting Normal Extension 

For an operator T G B{H), an operator S G B{IC) extends T {S is called an 
extension of T) if it acts on a larger Hilbert space /C O H such that S'ly^ = T. In 
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other words, S has the form 


An operator T G B{'H) is called subnormal if it has a normal extension. Among 
many characterizations of subnormal operators, Agler [2] showed a contractive op¬ 
erator T is subnormal if and only if for any n > 0, 



T*ot^ > 0 . 


However, a commuting pair of subnormal operators need not have a commuting 
pair of normal extension [T^ [T]. Ito [TU] established a necessary and sufficient 
condition for a commuting family of subnormal operators to have commuting nor¬ 
mal extensions. Athavale [4] generalized Agler’s result to a family of commuting 
contractions: 


Theorem 2.1 (Athavale). Let T = (Ti,T 2 , ■ ■ ■ ,Tm) be a family of m commuting 
contractions. Then T has a commuting normal extension N if and only if for any 
ni, n 2 , • ■ • , Um > 0 , we have 


(*) 


E 


(- 1)^1 


~\~k2-\ - \~km 


{)<ki<ni 




rji^hx rp*k2 
^2 


rp*km'T<km 

’ ' ’ m ^ m 


■ ■ 


> 0 . 


One may observe that a family of m commuting contractions defines a contractive 
representation T : N™ —>■ B{'H) that sends each generator to T^. A commuting 
normal extension N = (A^i, • • • ,Nm) can be seen as a contractive normal repre¬ 
sentation N : N™ -G B{IC) that extends T. Athavale’s result gives a necessary and 
sufficient condition for the existence of a normal representation that extends T. If P 
is a unital abelian semigroup and T : P ^ B{'H) is a contractive representation, we 
may also ask the question when there exists a normal representation N : P ^ H(/C) 
that extends T. 


Example 2.2. Consider P = N\{1} which is a unital semigroup generated by 2 
and 3. A contractive representation T : P ^ B{'H) is uniquely determined by 
T(2),T(3), which satisfies T(2)^ = T(3)^. We may use Theorem 12.11 to test if 
T(2),T(3) has commuting normal extensions N 2 ,N^. However, even if they do 
have such extensions, there is no guarantee that iV| = Nf and therefore it is 
not clear if we can get a normal representation N : P ^ B{IC) that extends T. 
Nevertheless, since A^ 2 , A '3 extend T(2),T(3) respectively, we may define a normal 
map N : P ^ B{IC) using N 2 ,N 3 such that {N{p)}p^p is a family of commuting 
normal operators where N{p) extends T{p). As we shall see soon, in Theorem l2.61 
the existence of such normal map guarantees a normal representation that extend 
T. 

We shall also note that this semigroup P = N\{1} is closely related to the so- 
called Neil algebra A= {f G A(D) : /'(O) = 0}. Dilation on Neil algebra has been 
studied in [HIH]. Unlike N where every contractive representation has a unitary 
dilation due to Sz.Nagy’s dilation, contractive representations of P may not have a 
unitary dilation. Even so, for a contractive representation T : P ^ B{TL), we may 
apply Ando’s theorem to dilate T(2),T(3) into commuting unitaries C/ 2 , 1 ^ 3 , and 
therefore there exists a family {Un}neP of commuting unitaries where P-uUnlu = 
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T(n) for each n [131 Example 2.4]. However, existence of such unitary maps does 
not guarantees a unitary dilation of T. 

One of the main tools for the proof is the involution semigroup. Sz.Nagy used 
such a technique and proved a subnormality condition of a single operator due to 
Halmos [14], and Athavale also used this technique in [4]. We shall extend this 
technique to a more general setting. 

Definition 2.3. A semigroup P is called an involution semigroup (or a ^-semigroup) 
if there is an involution * : P P that satisfies p** = p and (pq)* = q*p*■ 

For example, any group G can be seen as an involution semigroup where g* = 
g~^■ Any abelian semigroup can be seen as involution semigroup where p* = p. A 
representation D of a unital involution semigroup P is a unital *-homomorphism. 
It is obvious that if pp* = p*p, then D{p) is normal. Sz.Nagy established a condi¬ 
tion which guarantees that a map on an involution semigroup has a dilation to a 
representation of the semigroup |14j . 

Theorem 2.4. Let P be a ^-semigroup and T : P ^ B(P) satisfies the following 
conditions: 

(i) T{e) = I,T{p*)=T{pr, 

(ii) For any pi, - • ■ ,Pn € P, the operator matrix [T(j)*pj)] is positive, 

(Hi) There exists a eonstant Ca > 0 for eaeh a G P such that for allpi, - ■ ■ ,pn & P, 

[Tip*a*ap,)] < CI[T{p:p,)]. 

Then, there exists a representation D : P ^ B{IC) that satisfies T{p) = PhD{p)\h 
and ||Zl(p)|| < Cp. 

Now let P be a unital abelian semigroup and consider Q = {{p, q) : p,q € P}. Q 
is a unital semigroup under the point-wise semigroup operation 

{Pi,qi) + ( p 2 , 92 ) = {pi +P2,qi + q2). 

Define a involution operation of Q by (p, q)* = {q,p), which turns Q into an involu¬ 
tion semigroup. Notice since P is abelian, Q is also abelian. Moreover, any element 
{P: q) = (0i q) + (OiP)*- If P : Q ^ B{IC) is a representation, then 

P(0,p)*P(0,p) = Dip,p) = D{0,p)D{0,pr, 
and therefore D{0,p) is normal. 

Lemma 2.5. Let T G B(H) and N G B{IC) where TL is a subspace of 1C. Suppose 
T = P'hN\h md T*T = P-uN*N\-u, then N is an extension ofT. 

Proof. From the conditions, we have for any h G TL, = {Th,Th) = {T*Th,h). 

Since T*T = PhN*N\h, {T*Th, h) = {N*Nh, h) = \\Nhf. 

On the other hand, \\Th\\ = sup||;,||<i A:). But T = PhN\-h, and thus 

{Th,k) = {Nh,k). Therefore, 

||T/i|| = sup {Th,k) 

||fc||<i,feew 

= sup {Nh, k) 

\\k\\<l,k^H 

= WPnNhW 

Therefore, \\Th\\ = ||A^/i|| = ||pHA^fi|| and thus TL is invariant for N. Hence, N 
is an extension of T. □ 
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Theorem 2.6. Let P be any unital abelian semigroup and let T : P ^ B{TP) he a 
unital contraetive representation of P. Then the following are eguivalent: 

(i) There exists a contraetive normal map N : P ^ B{)C) that extends T, where 
the family {iV(p)}pgp is a commuting family of normal operators. 

(ii) There exists a contractive normal representation N : P ^ that extends 

T. 


Proof, (ii)^^(i) is trivial. For the other direction, denote Q be the ^-semigroup 
constructed before and let T : Q —> B{'H) defined by T{p, q) = T{p)*T{q). For each 
'T{p) Xp 


p € P, denote N{p) = 


0 




. Pick Si = [pi, qi) G Q and t = (a, b) G Q. We 


shall show that T satisfies all the conditions in Theorem 12.41 

The first condition of Theorem 12.41 is clearly valid. For the second condition: 


[ns*s,)] 

= [f{q,pj,p,qj)\ 

= [T{qi)*T{p,rT(pi)T{q,)\ 

= diag(T((7i)*, T(q2)*, • • • , T{q^Y)[T{p^YT{pi)] diag(r(gi), • • • , r(g„)) 


It suffices to show \T{pjYT{pi)\ > 0. Notice that {A^(pi)} is a commuting family 
of normal operators and thus they also doubly commute (by Fuglede’s Theorem). 


[N{p,YN{pY] = [N{pYN{p,Y] 


^N{p^) 

N{P2) 


[N{piY 


n{p2Y 


■■■N{pnY] > 0 . 


N{pn), 


N{pi) extends T{pi) and therefore Ph^I^{P jY= T{pjYT{pi). By projecting 
on "H”, we get the desired inequality. 

For the third condition: 


[fis*t*tsY] 

=[f{qiPjab,abpiqj)] 

=[TiabYTiqY*T{pY*T{pYTiqYT{ab)] 

= diag(T(( 7 i)*, r(g 2 )*, • • • , T{q„Y)[T{abYTipY*T{pYT{ab)] diag(r(gi), • • • , T(q„)) 
Therefore, it suffices to show (with Ct = 1 in the condition) 

[TiabYT{pY*T{pYTiab)] < [r(p,)*T(p,)] 

Similar to the previous case, it suffices to show 

[N{abYNipY*N{pYNiab)] < [iV(p,)*iV(p,)] 

Let X = [N{pjYN{pi)] > 0 and D = diag(iV(a6), • • • ,N{ab)). Since D and X 
^-commute, and thus D and also ^-commute. We have 

D*XD = X^t2D*DX^t^ < ||iV(a&)||X. 


Since N is contractive, this shows D*XD < X. Therefore, all conditions in 
Theorem 12.41 are met, and thus there exists a contractive representation S : Q —>■ 
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B{L) such that T{p,q) = P'HS(p,q)\'H- Denote M(p) = S(Q,p). Then M : P ^ 
B{C) is a representation of P, and moreover, 

T(p)*T(p) = PhS{p,p)\h = PuMipY M{p)\-u- 

By Lemma l2.51 we know M{p) extends T{p) and therefore M is a normal extension. 

□ 

Remark 2.7. When the semigroup is P = N^, Theorem 12.61 is trivial: for a nor¬ 
mal map N ■. fY ^ B{IC), one may define a normal representation by sending 
each generator ei to N{ei). However, it is not clear how we can derive a normal 
representation from a normal map when the semigroup does not have nice gener¬ 
ators. For example, we have seen this issue in Example 12.21 where the semigroup 
P = N\{1} is finitely generated. This result shows that finding a commuting family 
of normal extensions for {T(p)}pgp is equivalent of finding a normal representation 
that extends T. 

Corollary 2.8. Let P be a commutative unital semigroup generated by {pi}i^i, 
and T : P ^ BILL) a unital contractive representation. Then the family {T(pi)}ig/ 
has commuting normal extensions {WliG/ */ only if there exists a normal 
representation N : P ^ B{IC) such that each N{p) extends T(p). 

Proof. The backward direction is obvious. Now assuming {T(pi)}i^j has commut¬ 
ing normal extension {WliG/- For each element p ^ P, write p as a finite product 
of and define N(p) to be the corresponding product of T{pi). Since Ni com¬ 

mutes with one another, we obtain a normal map N : P ^ B{C) where {N{p)}p^p 
is a family of commuting normal operators where N{p) extends T{p). Theorem l2.6l 
implies the existence of the desired normal representation N. □ 

Remark 2.9. Corollary 12.81 shows that for a contractive representation T : P ^ 
B{'H), it suffices to extends the image of P on a set of generators. Since Athavale’s 
result still holds for an infinite family of operators fCorollarv 13.6|) . we may use 
Condition Q to check if the set of generators have a commuting normal extension. 
However, when the semigroup has too many generators. Condition Q is hard to 
check. We shall give another equivalent condition for an abelian lattice ordered 
group in the next section. 

3. Normal Extensions For Lattice Ordered Semigroups 

A lattice ordered semigroup P is a unital normal semigroup inside a group G = 
P~^P that induces a lattice order. Given a unital normal semigroup P C G = 
P~^P, there is a natural partial order on G given hy x < y when x~^y S P. If 
any two elements g,h in G has a least upper bound (also called the join g V h) 
and greatest lower bound (also called the meet g A h) under this partial order, the 
partial order is called a lattice order. 

Example 3.1. (Examples of Lattice Ordered Semigroups) 

(i) is a lattice ordered semigroup inside lY for any k G NlJ{oo}. 

(ii) R+ is a lattice ordered semigroup inside K. Notice that R"*" is not countably 
generated. 

(iii) More generally, if the partial order induced by P is a total order, or equiva¬ 
lently, G = PlJ P“^, then P is also a lattice ordered semigroup in G. 
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(iv) If Pi are lattice ordered semigroups inside Gi, then their product H Pi is also 
a lattice ordered semigroup inside H Gi ■ 

(v) If X is a topological space and {X) contains all the non-negative continuous 
function on X. Then C'^{X) is a lattice ordered semigroup inside C'(X), where 
the group operation is point-wise addition. 

(vi) Even though our focus is on abelian lattice ordered semigroups, there are non- 
abelian lattice ordered semigroups. Consider an uncountable totally ordered 
set X, and define G to be the set of all order preserving bijections on X. G 
is a group under composition. Define P = {a G G : a{x) > a;}, then P is a 
non-abelian lattice ordered semigroup in G[3]. 


If P is a lattice ordered semigroup inside G, then every element g € G has a 
unique positive and negative part g+,g-, in the sense that g = gZ^g+ and g+Ag- = 
e. This notion of positive and negative part is essential in defining a regular dilation. 
For a lattice ordered semigroup P inside G, a representation T : P ^ B{'H) has 
a dilation U : G ^ B{IC) if P is a unitary representation of G on a Hilbert space 
K-Z'H such that for any p € P, 

T{p) = PhU{p)\h. 

Such a dilation is called regular if for any g G G, 

T{g_rT{g+) = PnU{g)\n. 


There is a dual version of regular dilation that call such a dilation ^-regular if for 
any g G G, 

T{g+)T{g_r = PnU{g)\n. 

These two dehnitions are equivalent in the sense that T is =t=-regular if and only 
if T* : P~^ —7> B{'H) where T*{p~^) = T{p)* is regular [HI Proposition 2.5]. We 
call a representation T regular if it has a regular dilation. 

A well known result due to Sarason shows that such Hilbert space /C can be 
decomposed as /C = 1C+ 0 P © K,- where under such such decomposition, 


U{p) 


*00 
* T{p) 0 


Regular dilations were hrst studied by Brehmer [7] where he gave a necessary and 
sufficient condition for a representation on to be regular: 


Theorem 3.2 (Brehmer). Let Q be a set, and denote iP' to be the set of {tp^j^n 
where p G Z and p = 0 except for finitely many uj. Also, for a finite set V C fl, 
denote ey G 7p to be 1 at those u) G V and 0 elsewhere. If is a family 

of commuting contractions, we may define a contractive representation T : 

B{U) by 

Titpuefi = Pp ■ 

Then T is regular if and only if for any finite U C LI, the operator 

^ (-l)l'"lr(ey)*T(ey) > 0. 
vcu 


Recently, the author extended this result to an arbitrary lattice ordered semi¬ 
group (not necessarily abelian) |llj : 
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Theorem 3.3. Let P he a lattice ordered semigroup in G and T : P ^ B{'H) be a 
contractive representation. Define T : G ^ B{'H) by T{g) = T[g-)*T{gj^). Then 
T is regular if and only if for any pi, - ■ • ,Pn S P and g & P where g A pi = e for 
all i = 1,2, ■■ ■ ,n, we have 


T{grfip,p-^)Tig) 


< 


Tip^p-^) 


Although it is observed that Condition Q implies a representation T : N™ ^ 
B{TL) has regular dilation [5], the converse is not true. However, we shall prove 
that Athavale’s result is equivalent of saying that a certain representation T°° is 
regular. First of all, define by taking the product of infinitely many copies 

of N™, in other words, is the abelian semigroup generated by {ei^j)i<i<rn- 

jGN 

Consider T°° : —j. B{'H) where T°° sends each generator to T^. 


Lemma 3.4. As defined above, T°° is regular if and only ifT satisfies the Condition 

&■ 


Proof. It suffices to verify Condition (|*]) is equivalent to Brehmer’s condition on 
pjmxoo Theorem 13.21 For any finite set U C {1, 2, • • ■ , m} x N, denote by Ui the 
number of m G 17 whose first coordinate is i. For any subset V Q U, denote by 
ki the number oi v € V whose first coordinate is i. It is clear that 0 < ki < Ui. 
Notice that T{ev) = ■ ■ ■ T^, and among all subsets of U, there are exactly 

(fej) ' ■' (fc”*) subsets V that have ki elements whose first coordinate is i. Therefore, 


^ (-l)l'"lr(evrT(ev) 

VQU 


= E 

0<fci<n, 


(- 1 ) 


ki-\-k2-\ - \-kr, 





r7-i*/C2 

-^2 






Hence, Brehmer’s condition holds if and only if T satisfies Condition Q. □ 


Notice that Condition Q cannot be generalized directly to arbitrary abelian 
lattice ordered semigroups when the semigroup lacks generators. However, Lemma 
13.41 motivates us to consider T°° in an abelian lattice ordered semigroup: for a 
lattice ordered semigroup P inside a group G, define P°° = Hti P ^he 

abelian semigroup generated by infinitely many identical copies of P. We shall 
denote p®5n to be p inside the n-th copy of P°“. A typical element of P°° can be 
denoted hy Pi® some large enough N. P°° is naturally a lattice ordered 
semigroup inside the group G°°, where 

( N \ / ^ \ ^ 

^Pi <8) I A I ^ gi 8> I = y^pi A 8 6 ^. 

i=l J \i=l / i=l 

Our main result shows that being regular is equivalent to having a normal 
extension. 


Theorem 3.5. Let T : P ^ ^{'B) be a contractive representation on an abelian 
lattice ordered semigroup. Define T°° : P^ —s- S(H) by T°°{p,n) = T{p) for any n. 
Then the following are equivalent: 

(i) T has a contractive normal extension to a representation N : P ^ B{]C). In 
other words, there exists a contractive normal representation N : P ^ H(/C) 
such that for all p € P, T(p) = N(p)\'n. 






BOYU LI 


(a) T°° is regular. 

Proof, (i)^(ii): First of all notice that the family {N{p)}p^p =i=-commutes due to 
Fuglede’s theorem. Define N°° by sending {p, n) = N {p) for all p G P, n € 
N. Then for any G P°“, N°°{s),N°°{t) are a finite product of operators in 
{N{p)}p£P and therefore they also =i=-commute. In particular, N°° is Nica-covariant 
and therefore is regular El Theorem 4.1]. Since N extends T, N°° also extends 
T°“, and therefore for any s,t G P°°, 


PnN°°{t)*N°^{s)\n = 

N°° satisfies the condition in Theorem 13.31 and by projecting onto H, T°° also 
satisfies this condition and thus is regular. 

(ii)^(i): Let U : G°° B{IC) be a regular unitary dilation of T°°, and decom¬ 
pose /C = JC+ © P © /C_ so that under such decomposition, for each w G P°°, 


U{w) 


*00 

* T{w) 0 

* * * 


Fix p £ P, denote Ui{p) = U{p®5i). Under the decomposition /C = /C+ © P © /C_, 
let 


U^{p) 


0 0 

B, T{p) 0 

C, D, E, 


First by regularity of U, for any i ^ j, 


T{p)*T{p) = PHU{p(^6t -p^6j)\-H 

= PnUj{prU,ip)\n 



'A* B* C*' 


'A, 0 O' 


Pn 

0 T{p)* D* 


B^ T(p) 0 



0 0 E* 


A A 



= Ph 


* 

* 


* 


* 

T{jp)*T{jp) + P* A 
* 


H 


Therefore, each D*Di = 0 whenever i ^ j. When i = j, since [/ is a unitary 
representation, Ui{p) is a unitary, and thus D*Di = I — T{p)*T{p). Now fix e > 0, 
denote 

OO 

A, = {A = (A,)“i G coo : ^ A, = 1,0 < A, < 1, ||A||2 < e}- 

This set is non-empty since we may let Ai = A for 1 < i < n, and 0 otherwise. 
This gives ||A ||2 = which can be arbitrarily small as n —>■ oo. For each A G A^, 
denote N\ = AiC/i(p), which converges since A has finite support. Denote 


A4 = {iVA : A G A,} 
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Notice that PhN\\u 
/C = /C+ ©7^©/C_, 


^iT{p) = T(p). Therefore, under the decomposition 


Nx 


■ylA 0 O' 
Bx T{p) 0 
Cx Dx Ex 


Here, Dx = ^iB>i and thus 


DlDx = 

i,i=l 


i=l 


Here we used the fact that D*Dj = 0 whenever i ^ j. Note that each D*Di = 
/ — T{p)*T{p), which is contractive. Hence, 

\\DlDx\\<\\X\\l<e^ 

Each Nx is a convex combination of Ui and thus is contained in the convex hull 
of Ui, which is also contained in the unit ball in B{IC). Observe that each Afe is 
also convex. Therefore, the convexity implies their SOT* and WOT closures agree 
(here, SOT* — limTn = T ii T„ and T* converges to T and T* respectively in 
SOT.). Hence, 

c cbnv'^0^{C/J C h,{B{K,)) 

The Banach Alaoglu theorem gives &i {B{IC)) is WOT-compact, and therefore 77^ 
is a decreasing nest of WOT-compact sets. By the Cantor intersection theorem, 

n -TT^SOr* r\ -rrWOT , . 

JT, = ( 17 ^ 

e>0 e>0 

_SOT* 

Pick N (p) G n£>o ■ Then for any e > 0, we can choose a net {Nx)xei, > where 

U C Ag, such that SOT* — lim/^ Nx = N{p) and thus SOT* — lim/^ = N{p)*. 
Now both Nx, N^ are uniformly bounded by 1 since they are all contractions. Hence, 
their product is SOT-continuous. 


SOT - limN^Nx = N{p)*N{p) 

A 

SOT - limNxN;^ = N{p)N{p)* 


But since Ui are commuting unitaries and thus ^-commute, Nx is normal. Hence, 
N{p)*N{p) = N{p)N{p)* and N{p) is normal. 

Consider N{p) G B{IC) under the decomposition K, = IC+ © © /C_, each entry 

must be the WOT-limit of {Nx)x£i^ and therefore it has the form 


N{p) 


'A{p) 0 0 

Bip) Tip) 0 
C'(p) Dip) Eip) 


Since iDx)x&i^ WOT-converges to Dip), and for each A G Ag, ||I?a|| < £• Therefore, 
||iA(p)|| < e for every e > 0 and thus Dip) = 0. Hence H is invariant for Nip), 
whence N ip) is a normal extension for T (p). 
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The procedure above gives a normal map iV : P —>■ B{1C) where each N{p) is 
a normal contraction that extends T{p). Notice N{jj) is a WOT-limit of convex 
combinations of {C/i(p)}igN, where the family {C/i(_p)}i,p is commuting since P is 
abelian. Any convex combination of also commutes with any convex 

combination of {Ui{q)}i^fi. Therefore, {N{p)}p^p is also a commuting family of 
normal operators. By Theorem 12.61 there exists a normal representation TV : P —>■ 
B{C) that extends T. □ 

As an immediate corollary, Theorem 12.11 can be extended to any family of com¬ 
muting contractions {T(a;)}tjgn by considering Brehmer’s condition on 

Corollary 3.6. Let he a family of commuting contractions. Then there 

exists a family of commuting normal contractions that extends if 

and only if for any finite set F C I, {Ti}i^F satisfies Condition 

It is known that isometric representations of lattice ordered semigroups are au¬ 
tomatically regular m Corollary 3.8]. Therefore, if T : P —>■ B{T-L) is an isometric 
representation, then —>■ B{l-L) is also an isometric representation and thus 

T has a subnormal extension. 

Corollary 3.7, Every isometric representation of an abelian lattice ordered semi¬ 
group has a contractive subnormal extension. 
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